In this paper, a novel and effective formulation based on isogeometric approach (IGA) and Refined Plate Theory (RPT) is proposed to study the behavior of laminated composite plates. Using many kinds of higher-order distributed functions, RPT model naturally satisfies the traction-free boundary conditions at plate surfaces and describes the non-linear distribution of shear stresses without requiring shear correction factor (SCF). IGA utilizes the basis functions, namely B-splines or non-uniform rational B-splines (NURBS), which achieve easily the smoothness of any arbitrary order. It hence satisfies the C 1 requirement of the RPT model. The static, dynamic and buckling analysis of rectangular plates is investigated for different boundary conditions. Numerical results show high effectiveness of the present formulation.
Introduction
Laminated composite plates are being increasingly used in various fields of engineering such as aircrafts, aerospace, vehicles, submarine, ships, buildings, etc, because they possess many favorable mechanical properties such as high stiffness to weight and low density.
In order to use them efficiently, a clear understanding of their behaviors such as: deformable characteristic, stress distribution, natural frequency and critical buckling load under various conditions are required. Hence, investigation on property of composite structure has been addressed since long time. Pagano [1] initially investigated the analytical three-dimensional (3D) elasticity method to * Corresponding author. Email address: nxhung@hcmus.edu.vn (H. Nguyen-Xuan) 2 predict the exact solution of simple static problems. Noor et al. [2, 3] have further developed an 3D elasticity solution formulation for stress analysis of composite structures. It is well known that such an exact 3D approach is the most potential tool to obtain the true solution of plates. However, there is not easy to solve practical problems in which complex (or even slightly complicated) geometries and boundary conditions are required. In addition, each layer in the 3D elasticity theory is modeled as a 3D solid so that the computational cost of laminated composite plate analyses will be increased significantly. Hence, many equivalent single layer (ESL) plate theories with suitable assumptions [4] have been then proposed to transform the 3D problem to 2D one. Among of the ESL plate theories, the Classical Laminate Plate Theory (CLPT) based on the Love-Kirchoff assumptions is first proposed.
Due to ignoring the transverse shear deformation, CLPT merely to provide acceptable results for the thin plate. The First Order Shear Deformation Theory (FSDT) based on Reissner [5] and Mindlin [6] , which takes into account the shear effect, was therefore developed. In FSDT model, with the linear inplane displacement assumption through plate thickness, obtained shear strain/stress distributes inaccurately and does not satisfy the traction free boundary conditions at the plate surfaces. The shear correction factors (SCF) are hence required to rectify the unrealistic shear strain energy part. The values of SCF are quite dispersed through each problem and may be difficult to determine [7] . To bypass the limitations of the FSDT, many kind of Higher-Order Shear Deformable Theories (HSDT), which include higher-order terms in the approximation of the displacement field, have then been devised such as Third-Order Shear Deformation Theory (TSDT) [8] [9] [10] [11] [12] , trigonometric shear deformation theory [13] [14] [15] [16] [17] , exponential shear deformation theory (ESDT) [18] [19] [20] , Refined Plate Theory (RPT) and so on. The RPT model was found in Ref [21] of Senthilnathan et al with one variable lower than that of TSDT of Reddy, and then extended by Shimpi et al [22] [23] [24] , Thai et al [25] [26] . It is worth mentioning that the HSDT models provide better results and yield more accurate and stable solutions (e.g. inter-laminar stresses and displacements) [27, 28] than the FSDT ones without requirement the SCF. However, the HSDT requires the C 1 -continuity of generalized displacement field leading to the second-order derivative of the stiffness formulation and it causes the obstacles in the standard finite element formulations. Several C 0 continuous elements [29] [30] [31] [32] were then proposed or Hermite interpolation function with the C 1 -continuity was added for just specific approximation of transverse displacement [8] . It may produce extra unknown variables including derivative of deflection ,x w , , y w , ,xy w [4] leading to increase in the computational cost. In this paper, we show that C 1 -continuous elements will be easily achieved by IGA without any additional variables.
3
Isogeometric approach (IGA) has been recently proposed by Hughes et al. [33] to closely link the gap between Computer Aided Design (CAD) and Finite Element Analysis (FEA). The basic idea is that the IGA uses the same non-uniform rational B-Spline (NURBS) functions in describing the exact geometry of problem and constructing finite approximation for analysis. It is well known that NURBS functions provide a flexible way to make refinement, de-refinement, and degree elevation [34] . They enable us to easily achieve the smoothness of arbitrary continuity order in comparison with the traditional FEM. Hence, IGA naturally verifies the C 1 -continuity of plates based on the HSDT assumption, which is interested in this study. The IGA has been well known and widely applied to various practical problems [35] [36] [37] [38] [39] [40] [41] [42] and so on.
In this paper, a combination between Isogeometric Approach and the RPT model (RPT-IGA) for static, free vibration and buckling analysis of laminated composite plates is studied. Herein, some
higher-order distributed functions [8, 18, 19, 22, 43] are utilized to multiply to higher-order term in displacement field. Several numerical examples are given to show the performance of the proposed method and results obtained are compared to other published methods in the literature.
The paper is outlined as follows. Next section introduces the RPT for composite plates. In section 3, the formulation of plate theory based on IGA is described. The numerical results and discussions are provided in section 4. Finally, this article is closed with some concluding remarks.
The refined plate theory

Displacement field
To consider the effect of shear deformation directly, the higher-order terms are incorporated into the displacement field. A simple and famous theory for bending plate has also given by JN. Reddy based on TSDT [4] : 
The relationship between strains and displacements is described by 
It is seen that ( ) 0 fz   at /2 zh  . It means that traction-free boundary condition at the top and bottom plate surfaces is automatically satisfied. Based on this condition, many kinds of distributed functions () fz in forms: third-order polynomials by Reddy [8] and Shimpi [22] , exponential function by Karama [18] , sinusoidal function by Arya [19] and firth-order polynomial by Nguyen-Xuan [43] are listed in Table 1 . 
where
and the material matrices are given as (8) in which ij Q are transformed material constants of the k th lamina (see [4] for more detail).
For the free vibration analysis of the plates, weak form can be derived from the following dynamic
where m -the mass matrix is calculated according to the consistent form 
For the buckling analysis, a weak form of the plate under the in-plane forces can be expressed as: 
The composite plate formulation based on NURBS basis functions
A brief of NURBS functions
A knot vector   To present exactly some curved geometries (e.g. circles, cylinders, spheres, etc.) the non-uniform rational B-splines (NURBS) functions are used. Be different from B-spline, each control point of NURBS has additional value called an individual weight A w [33] . Then the NURBS functions can be expressed as
It can be noted that B-spline function is only the special case of the NURBS function when the individual weight of control point is constant.
A novel RPT formulation based on NURBS approximation
Using the NURBS basis functions above, the displacement field u of the plate is approximated as
is the vector of nodal degrees of freedom associated with the control point A.
Substituting Eq. (17) into Eq. (5), the in-plane and shear strains can be rewritten as:
in which 8 ,, 
Substituting Eq. (18) into Eqs. (6), (9) and (13), the formulations of static, free vibration and buckling problem are rewritten in the following form
where the global stiffness matrix K is given by (27) the geometric stiffness matrix is
where ,,
,, 00 00 (29) in which , B contain the second-order derivative of the shape functions. Hence, it requires C 1 -continuous element in approximate formulations. It is now interesting to note that our present formulation based on IGA naturally satisfies C 1 -continuity from the theoretical/mechanical viewpoint of plates [40, 28] .
In our work, the basis functions are C p-1 continuous. Therefore, as 2 p  , the present approach always satisfies C 1 -requirement in approximate formulations based on the proposed RPT.
Essential boundary conditions
Herein, many kinds of boundary condition are applied for an arbitrary edge with simply supported (S) and clamped (C) conditions including:
Simply supported cross-ply: values, on the deflection variable at control points x A which is adjacent to the boundary control points x C . It can be observed that, implementing the essential boundary condition using this method is very simple in IGA compare to other numerical methods.
Results and discussions
In this section, we show the performance of the present method -RPT-IGA with various distributed functions given in Table 1 in analyzing the laminated composite plates. We illustrate the method using the cubic basis functions with full ( 1) ( 1) pq    Gauss points.
Static analysis
In this sub-section, material set I is used with parameters given as:
Material I:   1  2  12  13  2  23  2  12 25 , 0.5 , 0.2 , 0.25,
For convenience, the following normalized transverse displacement, in-plane stresses and shear stresses are expressed as:  at the top surface.
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We first investigate the convergence of the normalization displacement and stresses with length to thickness ratio a/h =10. The plate is modeled with 77, 1111 and 1515 cubic elements as shown in Figure 2 . The comparisons between present results using RPT and analytical solution using HSDT
given by Khdeir and Reddy [47] are tabulated in Table 2 . The relative error is given in the parentheses.
It can be seen that the obtained results agree well with the exact values. It is observed that model using third-order polynomials gains the most accuracy displacement while that using fifth-order one (FiSDT) obtains the closest axial stress. IGA, moreover, gains high-convergence with coarse mesh using 1111 cubic elements. Therefore, in the next problems, the meshing of 11x11 cubic NURBS elements shown in Figure 2c is used. FSDT, CLPT using analytical solution by Khdeir and Reddy [47] and HOSNDPT using mesh free with 18DOFs/node by Xiao et al [45] . The comparison is provided in Table 3 . The normalized displacement and stresses of the present approach are in good agreement with the 3D exact solution [46] . Among present models, the third-order distributed functions by Reddy [8] and Shimpi [22] combined in RPT-IGA archives the same results which are closest to 3D exact solution. The transverse displacement of plates is illustrated in Figure 3 according to SFSF and SSSS boundary conditions, respectively. Figure 4 plots the stress distribution through the thickness of composite plate under full simply supported condition with a/h = 10. Herein, the NURBS functions are used to model the RPT assumption with various f(z) functions such as: TSDT of Reddy [8] , HSDT of Shimpi [22] , ESDT of 13 Karama [18] , SSDT of Arya [19] and FiSDT of Nguyen-Xuan [43] . Using RPT model, the in-plane stresses is plotted in the same path while there is a slight difference observed for shear stress distribution. And, all of them satisfy the traction-free boundary conditions at the plate surfaces. Figure 4 . The stresses through thickness of laminate composite plate under full simply supported condition with a/h=10 via different refined plate models.
The relation between non-dimensional deflection and length to thickness ratio is depicted in Table 4 . It is observed that the present results using isogeometric finite element approach gain the identical solutions compared to PRT [26] and TSDT [49] one using analytical solution, especially that of Reddy's and Shimpi's models. Moreover, as plate becomes thinner (a/h increases) the difference between those solutions is not significant. 
The effects of the number of layers N and elastic modulus ratios E 1 /E 2 are tabulated in Table 5 . A good agreement is found for present models in comparison with three-dimensional elastic solutions proposed by Noor [2] and the analytical solution given by Kant [50] . It is depicted that, among present model, FiSDT archives the highest results which is closest to 3D solution as E 1 /E 2 10. As E 1 /E 2 ratio ranges from 20 to 40, the present results are asymptotic to analytical solutions for 2D plate model using HSDT and RPT [50] , especially, the model using third-order functions. Next, with constant E 1 /E 2 ratio (equal 40), the variation of natural frequency of two-layer laminate composite plate via length to thickness ratio are listed in Table 6 . It is again seen that the obtained results match well with analytical one using 12DOFs published by Kant [50] . The difference reduces via the increase in the ratio of a/h (from approximate 8% to 0.02% according to a/h = 4 and 100, respectively). The first three mode shapes of thick plate (a/h=10) is then plotted in Figure 5 . It is clear that beside the full mode shape of deflection (above), the mode shapes of all unknown parameters along line y=a/2 are illustrated below. To close this sub-section, the effect of boundary condition on normalized frequency of ten-layer crossply composite plate is investigated in Table 7 . Compared with those reported by Reddy and Khdeir [51] , the present models gain the good agreement. It can be seen that, present models using RPT gain the closest results to analytical solution using TSDT with slightly higher results. In addition, when the constrained edge changes from F to S and C, the structural stiffness increases, the magnitudes of free vibration thus increase, respectively. The mode shapes according to various boundary conditions are illustrated in Figure 6 . [26] . It can be again seen that all models give the same results for thin plates (a/h=100). Figure 8 illustrates the buckling mode of two-layer angle-ply composite plate in case of  = 45. It can be seen that as plate thickness reduces, the non-dimension buckling value 23 2 / cr cr a E h   increases according to changing of mode shape from two halves sine wave (a/h=4) 19 to a half sine wave (a/h =10; 100, respectively). Furthermore, the portion of shear deflection components w s in transverse displacement reduces and tends to zero as a/h=100. The present models, hence, reduce to CLPT model. Finally, we consider a three-layer symmetric cross-ply [0/90/0] simply supported plate subjected to the biaxial buckling load as shown in Figure 7b . Various length-to-thickness a/h and elastic modulus E 1 /E 2 ratios are studied in this example. Table 9 and Table 10 show the critical buckling parameter cr  respect to various modulus and length-to-thickness ratios. The obtained results are compared with those of the finite element formulation based on FSDT [52] , the finite element method based on HSDT [54] , the mesh free method based on both FSDT and HSDT [53] . The present method shows a good performance compared to other methods for various modulus ratios and length to thickness ratios. The normalized critical biaxial buckling loads are increased with respect to increasing the modulus ratio 
Conclusions
In this paper, the present results by RPT-IGA are compared with the analytical solutions and that of HSDT or 3D elastic models and the excellent agreement in static, free vibration and buckling analysis of laminated composite plates are observed. Using many kinds of higher-order distributed functions, RPT model satisfied naturally the traction-free conditions at the top and bottom plate surfaces. With one variable lower than that of TSDT by Reddy, the present model also ensured the non-linear 22 distribution of the shear stresses/strains through the plate thickness without using SCF. Furthermore, the shear strains/stresses are obtained independently on the bending component. RPT has been thus strongly similar to CLPT. As a consequence, the present results are asymptotic to CLPT ones as plates become thin.
